Fractal Structure of Loop Quantum Gravity 
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In this paper we have calculated the spectral dimension of loop quantum gravity (LQG) using simple 
arguments coming from the area spectrum at different length scales. We have obtained that the 
spectral dimension of the spatial section runs from 2 to 3, across a 1.5 phase, when the energy of a 
probe scalar field decrees from high to low energy. We have calculated the spectral dimension of the 
space-time also using results from spin-foam models, obtaining a 2-dimensional effective manifold 
at hight energy. Our result is consistent with other two approach to non perturbative quantum 
gravity: causal dynamical triangulation and asymptotic safety quantum gravity. 



In the past years many approaches to quantum grav- 
ity have studied the fractal properties of the space-time. 
In particular in causal dynamical triangulation (CDT) 
and asymptotic safety quantum gravity (ASQG) [2] a 
fractal analysis of the space-time gives a two dimensional 
effective manifold at high energy. In the two approaches 
the spectral dimension is = 2 at small scales and 
= 4 al large scales. Recently the previous ideas have 
been applied in the contest of non commutativity to a 
quantum sphere and Minkowski [3]. In particular for 
the second group the author found a space-time spectral 
dimension = 3 at hight energy. The spectral anal- 
ysis is a useful tool to understand the effective form of 
the space at small and large scales. We think the fractal 
analysis could useful be also tool to predict the behavior 
of the 2-points and n-points functions at small scales and 
to attack the singularity problems of general relativity in 
a full theory of quantum gravity. 

In this paper we apply to loop quantum gravity (LQG) 
Ul 0] the analysis developed in the contest of ASQG by 
O. Lauscher and M. Renter [2^]. In the contest of LQG 
we consider the spatial section which is a 3d manifold 
and we extract the energy scaling of the metric from the 
area spectrum. We consider the SU (2) representations, 
which appear in the area spectrum, as continuum vari- 
ables. This is a strong approximation but the result will 
be consistent with the well-knowen interpretation given 
in [1]. We apply the same analysis to the space-time 
using the area spectrum that is suggested by the spin- 
foam models (Ej . In the space-time case the result will be 
consistent with the spectral dimension calculated in the 
different approach to non- perturbative quantum gravity 

The paper is organizer as follow. In the first section we 
extract information about the scaling property of the 3d 
spatial section metric from the area spectrum of LQG. 
The same analysis in the context of spin-foam models 
gives the scaling properties of the metric in Ad. In second 
section we give a short review of the spectral dimension 
in diffusion processes. In the third section we calculate 
explicitly the spectral dimension of the spatial section in 
LQG and the space-time dimension using the area spec- 
trum from spin- foam models 

a. Scaling of the metric One of the strongest results 
of LQG is the quantization of the area, volume and re- 



cently length operators [8]. In this section we recall the 
area spectrum and we deduce from that the energy scal- 
ing of the 3(i-metric of the spatial section. The area spec- 
trum on a spin-network state, |7;je,^n), without edges 
and nodes on the surface S we are considering is 



JpOp + l)l7;je,^n), (1) 



where jp are the representations on the edges that cross 
the surface S. We will restrict to the case when a single 
edge crosses the surface. Using ^ we can calculate the 
relation between the area operator average for two differ- 
ent states of two different SU (2) representations, j and 
jo, 



(7;j|^l7;j) 
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(7o;jo|i|7o;jo). (2) 



We can introduce the length square defined hy l^ = Ipj 
and the infrared length square /q = Ipjo. Using this 
definition we obtain the scaling properties of the area's 
eigenvalues. If (Ai) is the area average at the scale / and 
(Aiq) is the area average at the scale Iq (with I ^ lo) then 
we obtain the scaling relation 



(3) 



The classical area operator can be related to the spa- 
tial metric gab in the following way. The classical area 
operator can be expressed in terms of the density triad 
operator. 



A.= 



naE^nbE\d^(j, 



(4) 



and the density triad is rela ted to the th ree dimensional 
triad by = Ef/VdetE and VdetE = dete. If we 
rescale the area operator by a factor Q^, A ^ A' = 
Q^A, consequently the density triad scales by the same 
quantities, E^ Ef = Q'^E^. The triad instead, using 
the above relation, scales as ef = Q~^e^ and the 

inverse e^^ = Qe^- metric on the spatial section 
is related to the triad by gab = ^a^l^ij and then it scales 
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or in other words the metric scales 



as gab g'ah = Q 9ah, 

as the area operator. 

Using ([3|) and (|4j) we obtain the fohowing scahng for 
the metric 



{gah)l = 



{9ab)l 



(5) 



If we want to observe the spatial section with a mi- 
croscope of resolution / we must use a probe field of mo- 
mentum k ~ l/l. The scaling property of the metric in 
terms of k can be obtained replacing: I ^ 1/k, Iq ^ 1/ko 
and Ip ~ l/Ep. Where ko is an infrared energy cutoff 
and Ep is the Planck energy. The scaling of the metric 
in the momentum space is 



function and we can take k G [0, +oo[ in the calcula- 
tions. A different ordering in the area operator quanti- 
zation can give a different spectrum Aj = lp{2j + 1) 
Q. The scaling function in this case is G = {k'^ik^ + 
2El))/{kl{k'^ + 2El)) + 1. Where we have introduced 
the usual infrared modification: +1. 

h. The spectral dimension in diffusion processes We 
recall here the definition of spectral dimension of diffu- 
sions processes. Consider the diffusion of a scalar probe 
particle on a d-dimensional Euclidean manifold with a 
fixed smooth metric gab{x). The heat-kernel Kg{x^ x' \ T) 
gives the probability for the scalar test particle to dif- 
fuse from the point to x in a diffusion time T. The 
heat-kernel satisfies the following heat-equation 



dTKg{x,x';T) = AgKg{x,x';T), 



(11) 



{gab)k 



k^{kl + E%)\ 



{9ab)ko- 



(6) 



In particular we will use the scaling properties of the 
inverse metric, 



where = g~^^'^da{g~^^'^g^^db(l)) is the scalar field 
Laplacian. The heat-kernel is a matrix element of the 
operator exp(TA^), Kg{x^x']T) = exp(TA^)|x), as 
we can verify, 
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k\kl 



k^{k^ + El) 



(7) 



dTKg{x,x';T) = dTix'le^^olx) = 
= I dy{x'\Ag\y){y\e^^^\x) = AgKg{x,x';T). (12) 

In the random walk picture the trace per unit volume, 



We define the scaling factor in ([7j), introducing a function Pg{T) = V^]f d^x-\/ g[x)Kg[x^ x; T) = V'^^^Tr e^^» , 
F{k): {g^^)k = F(k){g^^)ko- From the explicit form of is^nterpreted as an average return probability. For 



F{k) we have three different phases where the behavior 
of F(k) can be approximated as follows 



0, Pg{T) has an asymptotic expansion, Pg(T) 



F{k) - 1 , ^ - ^0, 

F{k) ^k'^ , ko<^k<^Ep, 

F{k) - , k:^ Ep. 



we can ex- 
manifold : d = 



(8) 



We consider F{k) constant for k ^ ko; in particular we 
require that F{k) ~ 1, V/c < /cq. To simplify the calcu- 
lations without modifying the scaling properties of the 
metric we introduce the new function J-{k) = F{k) + 1. 
The behavior of T is exactly the same of (|8|) but with 
better properties in the infrared limit useful in the calcu- 
lations. We define here the scale function J-{k) for future 
reference in the next sections, 



(47rT)-^/2 YZ^q CnT^(47rT)^/2, and for an infinitely fiat 
space Pg{T) = l/(47rT)''/2. Prom Pg{T) 
tract the dimension of the target 
-2d\nPg{T)/d\nT. 

In quantum geometry and quantum space-time we de- 
fine the spectral dimension for a d-dimensional manifold 
in analogy with the classical formula, 



I>. = -2 



glnPg(r) 
ainT 



(13) 



k\kl 



El 



El)\ 
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(9) 



We can repeat the scaling analysis of this section in 
the case of a four dimensional spin-foam model. In this 
case the area eigenvalues are Aj = I'pj [5.] and the scaling 
of the Ad metric is 



(10) 



The formula (p!3|) will be our definition of spectral {frac- 
tal) dimension in both the spatial section and the space- 
time. 

c. Spectral dimension in Quantum Gravity. In this 
section we calculate the spectral dimension of the spa- 
tial section in LQG and of the space-time for spin-foam 
models [5]. 

3d Spatial Section. We suppose to have a smooth 
Riemannian metric at any energy scale k that we de- 
note {gab)k and we go to probe the space at any scale 
^ k < -\-oo. As explained in the previous section we 
must study the properties of the Laplacian operator of a 
3d manifold. Given the scaling properties of the inverse 
metric ^ we can deduce the scaling properties of the 
Laplacian, 



where = 1,...,4. Given the explicit form of the 
scaling in (fTQ|) we introduce the scaling function ¥{k) = 
/c^/Zcq + 1. The infrared modification introduced by hand 
does not change the hight energy behavior of the scaling 



A{k)=J^{k)A{ko). 



(14) 



We suppose that the diffusion process involves only a 
small interval of scales where J-{k) does not change much. 
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Under this assumption the heat-equation must contain 
A(/c) for the specific fixed value of /c, 



(15) 



We denote the eigenvalues of A(/co) by —En and intro- 
ducing a resolution of the identity in terms of the eigen- 
vectors of A(A:o), we find the following solution of equa- 
tion (dSl), 



K{x,x'',T) = ^0n(x)(/)n(xOe-^^(^)^- 



(16) 



If A(/co) corresponds to the fiat space the eigenfunctions 
are plane waves, (j)n — > ^ exp(zj9x), and the eigenval- 
ues of A(A:o) are —En = —p^. The eigenfunctions resolve 
length scales / ~ 1/p ^ Xj^/E^. This suggest that when 
the manifold is probed with mode of eigenvalue E^ it 
feels the metric {gah)k foi" the scale k = \fE^. We can 
calculate the trace of K(x^ x' \ T) on the plane wave basis, 



P(T) = V^^ J d^x(x|e' 
= V,-' I d^x{x\e 

-I 



TA(/c)| 



T^(/c)A(fco) 



\x) 



(27r)^ 



-TT{k)f 



(17) 



Where we have introduced the spectrum of the operator 
A(/co) and the scaling (dH). We have said that a mode 
of eigenvalue En sees a metric {gab)k for the scale k = 
\^^E^ = p, then we can identify p = k in ([T7j) obtaining 



P(T) 



(18) 



We have now all the ingredients to calculate the spec- 
tral dimension in LQG. In LQG we will restrict all the 
previous integrals to the case d = 3. 

Using the relation ([18]) and the definition of spectral 
dimension ([T3l) we have 



(19) 



_ Jd'ke-^'^(^^^e:F{k) 



Given the explicit form of the scaling function J-{k) we 
are not able to calculate an analytical solution. We have 
calculated the spectral dimension (p!9|) numerically ob- 
taining a function of T which is plotted in FigiH From 
the plot in FiglU but also calculating analytically the 
spectral dimension in the three different regimes of ([8]), 
we have 



2 for A: > Ep, 
v., = ( 1.5 for /co < ^ < Ep, 

3 for k > ko. 



(20) 



We can conclude that in LQG we have three different 
phase that we will try to interpret in the discussion sec- 
tion. 



FIG. 1: Plot of the spectral dimension as function of the 
diffusion time T. We can see three different phase from the 
left to the right. The first plot is 



4:d Space-Time. Using the scaling property of the 
space-time metric in (p!Q|) we can calculate the spectral 
dimension of the 4(i-manifold. We use the notation 
for the space-time spectral dimension. 



= 2T 



Jd^'ke-^'^^^^^k^Wik) 



Jd^ki 



(21) 



where ¥{k) is the scaling of the metric given in ([TQ|) . In 
Fig|2]is given a plot of the spectral dimension as function 
of the diffusion time T. For T ^ {or k ^ Ep) the we 
obtain spectral dimension = 2 and for T ^ oo (or 
k ^ 0) we obtain Dg = 2. We can consider the high and 
low energy limit obtaining the following behavior of the 
spectral dimension. 



2 for k> Ep, 
4 for A: < Ep. 



(22) 



Our result in space-time is in perfect accord with the 
results in CDT & ASQG [3, H. If we use the scaling 
function G{k) defined at the end of the section a. one 
we obtain the same behavior of the spectral dimension in 
the case we consider the ultraviolet cutoff k < Ep (this 
cutoff is suggested by the area spectrum Aj = lp{2j -h 1) 
which contains the +1 gap on the area eigenvalue for 
j = 0). If we consider the possibility the momentum 
k ^ Ep^ we obtain the spectral dimension = 4 
for T ^ (or k +oo). The behavior of is in- 
stead the same of ([22]) for k < Ep. This high energy 
behavior of the spectral dimension is interesting if we 
consider the space-time Ricci invariant R(^) = K^{g). 
Under the rescaling G{k) the Ricci curvature scales as: 
R{g)k = €r{k)R{g)ko' At short distances or k ^ +cx) 
R{g)k is upper bounded as it is manifest considering the 
limit: \imk^oo^{k) {E^/k^f. The upper bound of the 
curvature could be a sign of singularity problem resolu- 
tion showed in cosmology and black holes in the minisu- 
perspace simplification of quantum gravity 0. We con- 
clude the section considering the case the area spectrum 
is Aj = ^p\/7(J+l)- ^^is c^s^ scaling function is 
the same given in ([9]) but the momentum k is now four 
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FIG. 2: Plot of the space-time spectral dimension Ds. We 
have an hight energy phase of spectral dimension Ds = 2 and 
a the 4:d low energy dimension. 




FIG. 3: This artistic picture represents the possible interpre- 
tation of the spectral dimension given in the discussion section 
of the paper. The tiny connections in the picture have a reg- 
ular distribution in the 3d manifold but the 1.5 dimension ob- 
tained in the paper suggest a fractal phase around the Planck 
scale. The pictures focuses on the regime when < 2. 



dimensional. The spectral dimension has the same be- 
havior plotted in Fig|2] in the case k < Ep and instead 
Dg = 8/3 in the trans-planckian limit {k ^ Ep). How- 
ever if we do not consider the trans-Planckian limit we 
obtain the same spectral dimension ([22]) for any form of 
the area spectrum considered in this section. 

Conclusions and Discussion. In this paper we have 
calculated explicitly the spectral dimension (Vs) of the 
spatial section in LQG using the area spectrum scaling 
and also some strong hipotesys. We have obtained Vs as 



function of the diffusion time T or equivalently as func- 
tion of the length scale. We have three phases: a short 
scale phase / <C of spectral dimension Vs = 2, an in- 
termediate scale phase /p <C / <C /o of spectral dimension 
Vs = 1.5 and a large scale phase of = 3. We have cal- 
culated the spectral dimension for the space-time in the 
contest of spin- foam models and we have obtained = 2 
at the Planck scale and = 4 at low energy. This result 
is same obtained in CDT & ASQG Q, 0. A different 
area spectrum that come from a different quantum order- 
ing [5] gives the same result until the Planck scale but a 
new a different behavior in the trans-Planckian regime. 

We give now a possible interpretation of the spectral 
dimension for the spatial section. We can interpret the 
running of the spectral dimension in the following way. 
First of all we want to underline that the probe scalar 
field is just a fictitious field and not a physical scalar 
field. Consider a scalar field of weave length A <C /p, 
at this energy the probe field feels a 2d manifold, or in 
other words it feels the boundary Planck area of a three 
dimensional chunk of space, that we can imagine of zero 
volume. The field propagates on a the 2d boundary of 
the chunk of space until it feels tiny wormholes that con- 
nects different chunks of space. In this phase (we are in 
the regime A > /p) the field propagates across the worm- 
holes feeling an effective 1.5-dimensional manifold. The 
initial chunk is connected to many others chunks then 
when A /p it feels a 3d manifold. We have assumed the 
connections of neighbouring chunks are standard worm- 
holes but instead, because the spectral dimension 1.5, the 
connections define a fractal structure. In other words we 
can say that the probe scalar field {for X < Ip) feels a 
fractal multi- connected manifold ofVs ^ 2. The pictures 
in Fig.(|3]) represents artistically our interpretation. If we 
think in terms of the dual Hilbert space of spin-networks 
states the wormholes can be interpret as the two dimen- 
sional blowing up of the edges in the spin-network graph. 

Our result is consistent with the LQG interpretation 
[4]. In LQG, on any spatial section, there is a minimum 
non zero area eigenvalue that we can consider (in our in- 
terpretation) the manifold where effectively the fictitious 
scalar field diffuses at high energy. 

Acknowledgements. 
We are grateful to Dario Benedetti, Daniele Oriti, Carlo 
Rovelli, Michele Arzano and Eugenio Bianchi for many 
important and clarifying discussions. 



[1] J. Ambjorn, J. Jurkiewicz, R. Loll, Reconstru cting the uni- 
verse, Phys. Rev. D72 (2005) 064014, [hep-th/0505154| 
J. Ambjorn, J. Jurkiewicz, R. Loll, Spectral dimension 
of the universe, Phys. Rev. Lett. 95 (2005) 171301, 
hep-th/0505113 

[2] Nonperturbative evolution equation for quantum grav- 
ity, M. Renter, Phys. Rev. D 57 (1998) 971 and 
|hep-th / 9605030 O. Lauscher, M. Renter, Fractal space- 



time structure in asymptotically safe gravity JHEP 0510 

(2005) 050, |hep-t h/0508202 
[3] Dario Benedetti, Fractal properties of quantum spacetime, 

arXiv:081 1.1396 
[4] Carlo Rovelli, Quantum Gravity, Cambridge University 

Press, Cambridge, 2004 
[5] Jonathan Engle, Etera Livine, Roberto Pereira, Carlo 

Rovelli, LQG vertex with finite Immirzi parameter, Nucl. 



5 



Phys. B 799 f2QQ8U36-149 JarXiv:0711.01461 Florian Con- 
rady, Laurent Freidel, On the semiclassical limit of 4d spin 
foam models, arXiv:0809.2280 : Florian Conrady, Laurent 
Freidel, Path integral representation of spin foam mod- 
els of 4d gravity Class. Quant. Grav.25 (2008) 245010, 
arXiv:0806 .4640l 

[6] A. Alekseev, A. P. Polychronakos, M. Smedback, Phys. 
Lett. B 574 (2003) 296-300, liep-tli/0004036 

[7] A. Ashtekar, Background independent quantum gravity: 
A Status report, Class. Quant. Grav. 21, R53 (2004), 
[gr-qc/ 04040 18; Lee Smolin An Invitation to loop quantum 
gravity, hep-th/0408048; T. Thiemann, Modern canonical 
quantum general relativity, Cambridge University Press, 
Cambridge, 2007 



[8] C. Rovelli and L. Smolin, Loop Space Representation Of 
Quantum General Relativity, Nucl. Phys. B 331 (1990) 80; 
C. Rovelli and L. Smolin, Discreteness of area and volume 
in quantum gravity, Nucl. Phys. B 442 (1995) 593; Eugenio 
Bianchi, The Length operator in Loop Quantum Gravity, 
Nucl. Phys. B 807 (2009) 591-624, larXiv:0806.4Tro1 

[9] A. Ashtekar and M. Bojowald, Quantum geometry and 
Schwarzschild singularity Class. Quant. Grav. 23 (2006) 
391-411, gr-qc/0509075 ; Leonardo Modesto, Loop quan- 
tum black hole. Class. Quant. Grav. 23 (2006) 5587-5602, 
gr-qc/0509078; Leonardo Modesto, Space-Time Structure 
of Loop Quantum Black Hole ar Xiv:0811.2196 



